Solving the Schrödinger Wave Equation

for the Carbon Monoxide Molecule 

Physics 149

                                                         Written by Dr. Bob Lutz

Introduction

The diatomic molecule offers an opportunity to examine simple quantum-mechanical behavior.  The vibrations of the molecule approximate the one-dimensional simple harmonic oscillator (SHO).  The rotations of the molecule approximate the free rotator in three dimensions.  The electronic states of the molecule demonstrate the nature of the chemical bond.

In general, in order to deal with a diatomic molecule from first principles, we need to simplify the problem to as great an extent as possible.  We assume the nuclear states have no role to play and that each of the nuclei in the molecule is in the nuclear ground state and remains there.  Next, we have to consider the multi-particle system of two positively charged nuclei and some number of negatively charged electrons.  We know that this multi-body problem cannot be solved in closed form and must be solved numerically.  We observe that the two nuclei are extremely heavy compared to the electrons, and we expect relative nuclear motion (vibration) with respect to electron motion to be very slow.  That is to say, as the nuclei move relative to one another, the electrons move quickly to adjust to the new situation.  This suggests that we can simply solve the Schrödinger Equation for a range of values of the separation distance and treat the resulting eigenvalues of energy as a potential energy function to describe the motion of the nuclei.  This is called the Born-Oppenheimer approximation.  When this is done the resulting potential energy function looks like this:
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Notice that the potential tends to zero for large nuclear separations.  As the two nuclei approach each other, the potential curvature indicates an attractive force between the two nuclei.  This force is at a minimum at some distance (in this graph at r=2).  As the nuclei approach closer than the minimum, the force turns repulsive.  Remember the force is the negative gradient of the potential.  Compare this graph to that for the SHO.

[image: image39.wmf]
The potential energy function for the SHO is symmetric about the minimum in the curve.  If the diatomic molecule had this type of potential energy function, the bond could never be broken.  

At the very bottom of the real-world graph, we can approximate the behavior by a SHO without too much error.  This involves choosing parameters for the SHO to match the shape of the real-world potential.

For the carbon monoxide molecule CO, the chemical bond is very strong.  In fact, this bond is what the chemists call a triple bond and it is the strongest bond known.  The only close competitor is the bond in the nitrogen molecule that is also a triple bond.  (This is why high explosives are things that form CO bonds and N2 bonds and thereby release a lot of energy). While exact quantum mechanical calculations of the potential energy function have been done, rather than use a tables of values, we will simplify the problem by choosing an approximate form for the potential energy.  This will enable us to avoid a lot of calculation and will still provide all the essential features of the behavior of the molecule.

One approximating function for potential energy is called the Morse Function.  The Schrödinger equation can be solved analytically for the Morse Function, but we will do it numerically to illustrate the numerical integration of the Schrödinger Wave Equation and the determination of the energy eigenvalues.

The Morse Potential

The Morse Potential is expressed as
[image: image40.wmf]
where De is the depth of the well, sometimes called the dissociation energy and re is the equilibrium bond length (distance between the two nuclei).  The bond dissociation energy (the energy which must be supplied externally to break the bond) is less than this dissociation energy since the molecule will be in some vibrational energy state which will be larger than -De.  The dissociation energy, De for carbon monoxide is 1.80 x 10-18 J or 11.11 eV.  The equilibrium distance of separation, re is 11.3 nm.  The parameter, a, is 2.3 x 1010 meters-1.

Recall from classical mechanics that a conservative two-body problem can be reduced to that of a single body with an equivalent mass 
[image: image2.wmf] where m1 and m2 are the masses of the two bodies.

We next try to fit the harmonic oscillator potential to the Morse Potential at the bottom of the well.  We will write the harmonic oscillator potential as 
[image: image3.wmf].  The constant V0 has been included to make the potentials equal when r=re.  We want to make the two potentials have the same curvature (2nd derivative) near re.  So let's differentiate both potentials twice and equate them.


[image: image4.wmf]
For the harmonic oscillator


[image: image5.wmf]
Equating the two we find that 
[image: image6.wmf].  Of course, V0=De.

The classical vibration frequency for the harmonic oscillator is just the square root of the spring constant, C, divided by the mass of the oscillator, (.  So we need to calculate the reduced mass for our system.  


[image: image7.wmf]
Finding the Eigenvalues and Eigenfunctions

We need to solve the Schrödinger Equation for the diatomic molecule with the constituent atoms interacting via the Morse Potential.  To do this, we will use a computer program provided by Bartschat.
  This program can solve the Schrödinger  Equation for one-electron atoms, the Morse Potential and the Finite Square Well.  The program provided on a disk with Bartschat’s book has been modified by Bartschat to remove some features not necessary for our problem and is written in Fortran 77.  The program has been converted to True Basic by Lutz
.  

The time-independent Schrödinger Equation is


[image: image8.wmf]
When quantum chemists and physicists solve this equation, they traditionally choose a different set of units to make life simpler and to keep numeric values in a reasonable range so as not to exceed the maximum number that can be represented on their computers.  These units are called Atomic Units and set 
[image: image9.wmf] where e is the electronic charge and m is electron mass.  In this system of units energy is given in hartrees (
[image: image10.wmf]).  You need to find the definition for the energy unit cm-1 (wavenumbers).  Distance is measured in Bohr radii (5.2918 x 10-11 meters).

When the potential energy only depends on the radial separation of the nuclei and doesn’t have any angle dependence, the angular dependence of the wavefunctions can be separated out and the wavefunctions can be written as a product of the standard spherical harmonic solutions encountered in the study of the hydrogen atom times a radial part.  Recall that the eigenvalues of the spherical harmonics are just the z-component of angular momentum,
[image: image11.wmf], and the square of the total angular momentum, 
[image: image12.wmf].

The radial equation then reduces to the following (in atomic units) with the inclusion of the centrifugal barrier imposed by the conservation of angular momentum that arises from the separation of variables.
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This is the equation we have to solve to determine the eigenvalues and eigenfunctions for our molecule where U(r) is the Morse Potential.

The computer program finds solutions of this equation by an iterative process.  To start the process, the lower limit for bound state energy is the depth of the potential well.  The upper limit for bound state energies is 0.  In this range, we use the fourth-order Runge-Kutta method to propagate the solution of the differential equation with initial conditions 
[image: image14.wmf] and 
[image: image15.wmf].  We begin the integration at the origin with a guess for the energy and continue beyond the classical turning point, rclass for zero angular momentum.  Once past the classical turning point, the correct bound state eigenfunction must decrease exponentially.  Therefore, the propagation is stopped as soon as the absolute value of the solution starts to increase in this classically forbidden region.  We will then make a new guess for the energy eigenvalue and integrate again.

Recall the wavefunction solutions for the SHO.  The ground state wavefunction has zero nodes.  The first excited state has one node, etc.  The same is true of the wavefunctions for the Morse Oscillator.  So, we need to count the number of nodes that appear in our calculated solution and compare to the number of nodes we are looking for.  If we are looking for the ground state, we want zero nodes.  If we are looking for the first excited state we want one node, etc.  We can then adjust the upper and lower bounds on the energy to try to home in on the particular solution we are seeking.  If we seek the ground state and find that our trial solution has two nodes, we need to lower our guess for the energy.  If we find fewer nodes than we want or the correct number of nodes that we want, then we need to increase our guess for the energy.  If we want to lower the energy, we set the upper bound to the current trial energy, average the new upper bound with the old lower bound and try again.  If we want to raise the energy, we set the lower bound to the current trial value, average the new lower bound with the upper bound and try again.  We continue this process until we reduce the change in energy for the next trial to some small value that we set as an input parameter to the program.  Typically we want the energy to change less than one part in 1010 from trial to trial to achieve convergence to a solution.

Once we find a solution, we normalize the wave function by requiring that the integral of the square of the wavefunction over the range of r in our problem be equal to one.  We simply numerically integrate the square of the wavefunction we have found to get the value of the integral.  We then divide each numeric value in the range by the square root of the value of the integral to achieve normalization.

Since the wavefunctions should be orthogonal to one another, the program also computes the integral of the products of each pair of wavefunctions that it computes.  If the integral is greater than 10-5 it will print out a warning.  Don’t worry about the warnings unless the values get greater than 0.1.

Preparing Input for the Computer Program

Here is a list of the variables for the program in the order requested and a brief definition.

	Variable Name
	Suggested Value or Range

	FILENM
	True Basic’s output window doesn’t have a scroll bar, so output that doesn’t fit in the windows rolls off the top.  The named file will collect all relevant input and output for later printing or display.  For Windows, you should create a DOS-style filename ending in .txt.

	IPOT
	For a Morse Problem enter 2

	LMIN, LMAX
	0, maximum angular momentum quantum number desired.  LMAX can be 0 if you want to do the calculation for no angular momentum.

	NMIN, NMAX
	Related to the vibrational quantum number and used to calculate the number of nodes in the wavefunction.  The number of nodes is 
[image: image16.wmf]  
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	NITM
	Maximum number of iterations to find an energy eigenfunction.

	IBUG
	This variable helps with debugging problems in the calculation.  

=0 means no debugging output

>0 print every E and overlap integrals of wavefunctions for different n values.

>1 print values of upper and lower limits in the bound state iteration

>2 print normalized wavefunction

>3 print temporary output of propagation (Output can get huge with this choice)

	ITOUT
	Starting count to create file names to hold wavefunctions.  If ITOUT is 0, no wavefunction files are created.

	EGUESS
	Initial energy guess.  Make it slightly lower than the expected value of the energy eigenvalue.

	ERROR
	The accuracy of the eigenvalue of energy in Hartrees.  Suggested value is 1.0E-10

	R0
	Equilibrium value of R in the Morse Potential in Bohr radii

	D
	Depth of the Well in Hartrees

	ALPHA
	Well parameter in inverse Bohr radii

	MU
	Reduced mass of molecule
in electron masses


	COREMAX
	When integrating in the forbidden region for very small values of r, the values of the wave function can grow so large that they exceed the largest number the computer can handle.  To solve this problem, we modify the potential energy function in this forbidden region by choosing a maximum value that the potential can be.  This should not have an affect on the final result if you choose the value wisely (typically 0.5 to 1.0)  Start with 1.0 and see if it will run.  If it blows up, lower the value until the calculation works.   Then try the calculation again with a still lower value to make sure the energy eigenvalues do not change.

	NIX
	Number of different interval spacings in the integration mesh.  This is not needed here and should be 1.

	HINT
	Size of the mesh spacing in Bohr radii

	IHX(I)
	Value of interval spacings.  Set to 1.

	NINT
	Number of intervals in the mesh


Zero Angular Momentum Calculations

Calculate the first twenty energy eigenvalues for zero angular momentum.  This means that LMIN and LMAX are both zero.  NMIN will be 1 and NMAX will be 20.  Normally we think of the quantum number for an oscillator to take on values starting at zero.  In this program, however, the lowest value is 1 since it was written initially to deal with one-electron atoms and a core consisting of the nucleus and all other electrons.  The number of nodes is calculated from 
[image: image17.wmf]  
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· Set NITM=100.

· Set IBUG=0.

· Set ITOUT=10.  This will create file10.txt, file11.txt…file[10+LMAX].txt containing the wavefunctions.

· Set EGUESS=-0.412 hartrees.

· Set ERROR=1.0E-10.

· Set R0=2.13 Bohr radii.

· Set D=0.413 Hartrees.

· Set ALPHA=1.217 inverse Bohr radii.

· Set MU=12500 electron masses (compute from earlier calculation)

· Set COREMAX=1.0

· Set NIX=1.

· Set HINT=0.001

· Set IHX=1.

· Set NINT=4000.

Use GNUPLOT to plot the potential energy function.  (A quick and dirty GNUPLOT tutorial is available at http://sip.clarku.edu/tutorials/gnuplot/gnuplot.html.)  You know the parameters, r0, (, De.  Next, plot the energy eigenvalues on the same graph as the potential energy.  Plot the eigenvalues as horizontal lines that are contained within the potential well.  Finally, plot the individual wave functions.  Notice how the wavefunctions skew toward larger values of the radial coordinate.  We’ll explore this next.

Write a program to calculate the expectation values of the radial coordinate r by numerically integrating r over the range of the calculation for each wavefunction.  See the sample program CalcR.bas in Appendix III.  (For a simple introduction to TRUE BASIC, see the document at http://sip/clarku.edu/tutorials/True_BASIC.html). How does this result compare to the SHO expectation value?  Does the shape of the potential energy curve give you a rationale for this behavior?

For diatomic molecules, spectroscopists have found that for the zero angular momentum states the vibrational energy levels are quite adequately expressed as 
[image: image18.wmf].  Here the second term represents an anharmonicity correction to the SHO energy levels.  Using the Excel spreadsheet program, create a sheet that has a column of 
[image: image19.wmf] and a column of the energies calculated in your program.  Remember that n=1 corresponds to v=0.  You will need to convert the energies from hartrees to the cm-1 to be able to compare results with those obtained from infrared spectroscopy.  Since your calculated energies are based on the zero of potential energy representing the two atoms separated at an infinite distance you need to reset the zero of energy to be equal to the energy at the bottom of the well.  This means you need to add the well depth (-.0413 hartrees) to each energy value.  Recall that 1 hartree = 2.1948 x 105 cm-1.  

Create a tab-separated text file from your spreadsheet containing the 
[image: image20.wmf]  
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 column and the energies above the depth of the well in cm-1.  Use GNUPLOT to create a graph of the energy values.  Then fit the data to a function of the form 
[image: image21.wmf]  
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.  Compare your values of a and b with the best values for the constants from NIST, 
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.  Your values should be pretty close.  The slight errors demonstrate that the Morse Potential does not perfectly represent the actual potential energy function for CO.

Rotational Energy Levels

For each vibrational energy level, the molecule can also rotate.  We next want to explore the rotational levels that appear and see what we can learn about the interactions.  The faster the molecule rotates, the more the atoms will be pulled apart.  Thus, we expect the expectation value for the radial coordinate to increase with increasing rotational energy level.  

For a first approximation, we consider a rigid rotor.  Angular momentum is quantized with value
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.  As in classical mechanics, the energy is just 
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 where I is the moment of inertia and is equal to 
[image: image25.wmf]  
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.  Substituting, 
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 where 
[image: image27.wmf]  
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.  For a rigid rotor, we choose re as the equilibrium separation of the atoms in the molecule.  Of course, we know that the bond between the two atoms is not rigid.  This means that as the atom rotates, there will be a centrifugal distortion (stretching) of the bond.  Spectroscopists have found that this can be represented with an additional term in the energy expression which now becomes 
[image: image28.wmf]  
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.  Our goal now is the determine the values of Be and De from a calculation and to compare again to NIST values.

For v=0,1,2 (corresponding to zero, one or two nodes in the wavefunction) calculate the energy of the first 20 rotational levels for the molecule.  This means setting the following values:

Set LMIN to 0 and LMAX to 19.  For the first 
[image: image29.wmf]  
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 value, NMIN will be 1 and NMAX will be 3.  

For the second value, NMIN will be 2 and NMAX will be 3, etc. Remember, the number of nodes is calculated from 
[image: image30.wmf]  
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· Set NITM=100.

· Set IBUG=0.

· Set ITOUT=20.  This will create file20.txt, file21.txt…file[20+LMAX].txt containing the wavefunctions.  

· Set EGUESS=-0.412 hartrees.

· Set ERROR=1.0E-10.

· Set R0=2.13 Bohr radii.

· Set D=0.413 Hartrees.

· Set ALPHA=1.217 inverse Bohr radii.

· Set MU=12500 electron masses (compute from earlier calculation)

· Set COREMAX=1.0.  This may blow up.  If so, lower to 0.5 and see if it works.

· Set NIX=1.

· Set HINT=0.001

· Set IHX=1.

· Set NINT=4000.

You will have to set the capture file name to be meaningful to you to reflect the calculation you are doing.

The program doesn’t print out the energies in a convenient fashion for our purposes.  That is unfortunate, but remember it was originally devised to do atomic calculations where one often wants to look at electronic transitions between corresponding angular momentum states.  You’ll will have to do some cutting and pasting to put together all the energy eigenvalues for a particular vibrational state.

For the v=0 state, create a spreadsheet containing a column of 
[image: image31.wmf] values and the corresponding energies.  Create another column that corrects the energies by adding the depth of the well to each value and convert from hartrees to cm-1 values.  Then by using the 
[image: image32.wmf] values you obtained from your curve fitting of vibrational levels, subtract the vibrational energy of the ground state from each energy value.  This will leave you with a column of the rotational energies for the ground state.  Create a tab-separated text file containing the 
[image: image33.wmf] values and the rotational energies.  Plot this file using GNUPLOT and fit the energies to 
[image: image34.wmf] to determine the Be and De values for the ground state.  Compare to the NIST values of 1.93128087 and 6.12147 x 10-6.  Are you close?  Calculate the expectation values for the radial coordinate for a sample of rotational states.  Pick several wavefunctions between 
[image: image35.wmf] for the calculation.  Is there any apparent relationship between angular momentum and the expectation value of r?

Repeat the process for the first and second excited states.  Do the Be and De values change?  The change represents an interaction between vibration and rotation and can be thought of as changing r due to centrifugal forces lengthening the bond and affecting the vibrational energy.  The spectroscopists characterize this interaction with one more term that is 
[image: image36.wmf]  
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[image: image37.wmf]  
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 is not the same as the ALPHA we use in the Morse Function.  Unfortunately, the Morse Potential does not provide a truly adequate representation of the true potential energy function and the interaction you observe cannot be represented by the new suggested term.

Conclusions

The purpose of this project was to demonstrate how molecular physicists and quantum chemists can theoretically calculate the behavior of molecules.  We don’t have the time to correctly calculate a better approximation to the potential energy function of carbon monoxide.  The obvious follow-on project is to take an infrared absorption spectrum of carbon monoxide and see how well you can calculate the spectrum obtained.  The selection rules for the SHO are that v must change by one unit in a transition.  Similarly for rotational motion the 
[image: image38.wmf]  
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 quantum number must also change by one unit. The fact that the potential is anharmonic means that the vibrational quantum number can change by two or three units rather than just one, so the spectrum is richer that predicted for simple harmonic motion.

The strength of absorption depends on the interaction of the electric dipole moment of the molecule with an external electromagnetic field.  We can calculate the dipole moments for a transition by calculating its expectation value using the wavefunctions for the initial and final states of the molecule.  Recall that the dipole moment is just the amount of separated charge multiplied by the distance of separation.  Since the molecular bond in CO is covalent rather than ionic, the amount of separated charge is much less than the charge on a single electron.  Again, a full calculation of electron structure of the molecule will yield this number.  Since we don’t have those calculations, we would have to take a literature value of this charge to continue.  With that value you can calculate the expection value of value of the dipole moment using the wavefunctions you have calculated by writing a simple program to calculate the appropriate integrals.

Appendix I

Fortran Program from Bartschat

PROGRAM BOUND

************************************************************************

*                                                                      *

*   THIS PROGRAM DETERMINES BOUND STATES OF A RADIAL POTENTIAL.        *

*   IT IS THE BOUND-STATE PART OF THE CORE POTENTIAL ITERATION         *

*   PROGRAM PUBLISHED IN CHAPTER 2 OF                                  *

*                                                                      *

*            COMPUTATIONAL ATOMIC PHYSICS                              *

*            KLAUS BARTSCHAT  (ED.)                                    *

*            SPRINGER (1996)                                           *

*                                                                      *

*            WRITTEN BY:   KLAUS BARTSCHAT                             *

*                          PHYSICS DEPARTMENT                          *

*                          DRAKE UNIVERSITY                            *

*                          DES MOINES, IOWA 50311, U.S.A.              *

*                                                                      *

*            LAST UPDATE:  JANUARY 3, 2002                             *

*                                                                      *

************************************************************************

*

      IMPLICIT DOUBLE PRECISION (A-H,O-Z)

*

      PARAMETER (NDIM1=4,NDIM2=  5000,NDIM3=100,NNMAX=30,LLMAX=4)

      PARAMETER (ZERO=0.0D0,HALF=0.5D0,ONE=1.0D0,TWO=2.0D0,SIX=6.0D0)

      PARAMETER (HUGE=1.0D30,SMALL=1.0D-20)

*

      COMMON / PATH / RFULL(NDIM2),RHALF(2*NDIM2),Y(NDIM1,NDIM2)

      COMMON / POT  / EGUESS,CORE(2*NDIM2),RDMASS

*

      DIMENSION IHX(NDIM3),IRX(NDIM3)

      DIMENSION NMINL(0:LLMAX),NMAXL(0:LLMAX)

      DIMENSION VSTART(NDIM1),EBOUND(NNMAX,0:LLMAX),

     +          OVRLAP(NNMAX,NNMAX,0:LLMAX)

      DIMENSION FVALUE(NDIM2)

      DIMENSION WAVES(NNMAX,0:LLMAX,2*NDIM2)

*

**********************  FORMAT STATEMENTS  *****************************

1000  FORMAT(' *******************************************************',

     +     /,' *                                                     *',

     +     /,' *            BOUND-STATE CALCULATION                  *',

     +     /,' *            -----------------------                  *',

     +     /,' *******************************************************',

     +       ///,' NUCLEAR CHARGE:                   ',I3,/,            

     +           ' ASYMPTOTIC CHARGE:                ',I3,/,            

     +           ' ERROR LIMIT FOR BOUND STATE ENERGY:',1P,D12.3,/,     

     +           ' LOWER LIMIT FOR BOUND STATE ENERGY:',1P,D12.3,/)

1001  FORMAT(/,' NEW BOUND STATE FOUND:   EBOUND(',I3,I3,') = ',          

     +       1P,D17.9,//,' NEXT GUESS = ',1P,D14.7,/)

1002  FORMAT(/,' WARNING: OVERLAP INTEGRAL BETWEEN FUNCTIONS WITH', 

     +         ' N1 = ',I2,' AND N2 = ',I2,' FOR L = ',I1,' :',/, 

     +           1P,D15.8,' +/- ',1P,D15.8)

1003  FORMAT(/,' DEBUG PRINT OUT OF FIRST 100 POINTS:',/,               

     +           8X,'R',10X,'FUNCTION',//,1X,1P,2D14.6)

1004  FORMAT(1X,1P,8D14.6)

1005  FORMAT(/,' INODE,NNODE,NBOUND,LBOUND = :',4I5,/,                  

     +         ' ELOW,EHIGH,EGUESS  = :',1P,3D16.8,/)

1006  FORMAT(/,' NITER = ',I5,'  GREATER THAN  NITMAX = ',I5,            

     +         '.  PROGRAM STOPPED.',/)

1007  FORMAT(//,' MESH:',/,' --------------',/,                

     +         ' HINT = ',1P,D14.6,'  NIX =',I2,'  NSTEP  =',I6,        

     +         '  LAST POINT = ',1P,D14.6)

1008  FORMAT(' IHX-ARRAY:',20I5)

1009  FORMAT(' IRX-ARRAY:',20I5)

1010  FORMAT(//,' STARTING BOUND STATE ITERATION FOR (NBOUND,LBOUND) =',

     +         ' (',I2,',',I2,')')

1011  FORMAT(/,' PROBLEMS WITH DEFINITION OF NINTEG. NEND = ',I6,/,     

     +         ' PROGRAM STOPPED.',/)

1012  FORMAT(/,' NORMALIZED ORBITAL FOR  (NBOUND,LBOUND) = (',I2,       

     +         ',',I2,') :',/,'        R          ORBITAL')

1013  FORMAT(1P32D12.4)

1014  FORMAT(/,' LMIN = ',I2,'  LMAX = ',I2,/)

1015  FORMAT(/,' NMIN = ',I2,'  NMAX = ',I2,'  FOR L = ',I2,/)

1016  FORMAT(/,' NITMAX = ',I3,'  IBUG = ',I2,'  ITOUT = ',I2,/)

1017  FORMAT(/,' ESTART = ',1PD14.6,'  ERROR = ',1PD14.6,/)

1018  FORMAT(/,' NUCLEAR CHARGE = ',F6.2,'  REDUCED MASS = ',F7.1,/)

1019  FORMAT(/,' OVERLAP INTEGRALS FOR L = ',I2,/)

1020  FORMAT(/,' NEW BOUND STATE FOUND:   EBOUND(',I3,I3,') = ',          

     +       1P,D17.9,/)

1021  FORMAT(//,' **********   BOUND STATE CALCULATION   **********',//,

     +       ' INPUT IPOT:  1 = COULOMB,  2 = MORSE,  3 = WELL',//)

1022  FORMAT(' COULOMB PROBLEM',/)

1023  FORMAT(' MORSE PROBLEM',/)

1024  FORMAT(' WELL PROBLEM',/)

1025  FORMAT(' IPOT = ',I2,' CURRENTLY INVALID.  PROGRAM STOPS.',//)

1026  FORMAT(' R0 = ',1PD14.6,'  D = ',1PD14.6,'  ALPHA = ',1PD14.6,0P,

     +       '  REDUCED MASS = ',F7.1,/)

1027  FORMAT(' V0 = ',1PD14.6,'  A = ',1PD14.6,

     +       '  REDUCED MASS = ',F7.1,/)

1028  FORMAT(//,'# BOUND-STATE ENERGIES FOUND FOR L = ',I2,/,

     +          '#      N       E (a.u)        E (eV)')

1029  FORMAT(I8,5X,F9.5,5X,F9.3)

************************************************************************

*

*  READ BASIC INPUT

*

      WRITE(6,1021) 

      READ (5,*) IPOT

      IF (IPOT.EQ.1) THEN 

       WRITE(6,1022)

      ELSE

       IF (IPOT.EQ.2) THEN 

        WRITE(6,1023)

       ELSE

        IF (IPOT.EQ.3) THEN 

         WRITE(6,1024)

        ELSE

         WRITE(6,1025) IPOT

         STOP

        ENDIF

       ENDIF

      ENDIF 

*

      PRINT *,'INPUT MINIMUM AND MAXIMUM L-VALUES'

      READ (5,*) LMIN,LMAX

      WRITE(6,1014) LMIN,LMAX

      PRINT *,'INPUT MINIMUM AND MAXIMUM N-VALUES FOR L = LMIN,...,LMAX'

      DO 10 L=LMIN,LMAX

       READ (5,*) NMINL(L),NMAXL(L)

       WRITE (6,1015) NMINL(L),NMAXL(L),L

10    CONTINUE

      PRINT *,'INPUT MAXIMUM NUMBER OF ITERATIONS, IBUG, AND ITOUT'

      READ (5,*) NITMAX,IBUG,ITOUT

      WRITE (6,1016) NITMAX,IBUG,ITOUT

      PRINT *,'INPUT STARTING VALUE AND DESIRED ACCURACY'

      READ (5,*) ESTART,ERROR

      WRITE (6,1017) ESTART,ERROR

      IF (IPOT.EQ.1) THEN

       PRINT *,'INPUT NUCLEAR CHARGE AND REDUCED MASS'

       READ (5,*) ZNUC,RDMASS

       WRITE (6,1018) ZNUC,RDMASS

      ENDIF

      IF (IPOT.EQ.2) THEN

       PRINT *,'INPUT R0,D,ALPHA, AND REDUCED MASS'

       READ (5,*) R0,D,ALPHA,RDMASS

       WRITE (6,1026) R0,D,ALPHA,RDMASS

      ENDIF

      IF (IPOT.EQ.3) THEN

       PRINT *,'INPUT V0,A, AND REDUCED MASS'

       READ (5,*) V0,A,RDMASS

       WRITE (6,1027) V0,A,RDMASS

      ENDIF

*

*  READ PARAMETERS FOR MESH CALCULATION

*

      PRINT *,'INPUT MESH PARAMETERS'

      PRINT *,'INPUT NIX,HINT'

      READ (5,*) NIX,HINT

      PRINT *,'INPUT IHX(I),I=1,NIX'

      READ (5,*) (IHX(I),I=1,NIX)

      PRINT *,'INPUT IRX(I),I=1,NIX'

      READ (5,*) (IRX(I),I=1,NIX)

      NSTEP = IRX(NIX)+1

*

*  CALCULATE ARRAYS FOR MESH

*

      RHALF(1)=ZERO

      RFULL(1)=ZERO

      DO 20 I=1,NIX

       HSTEP = HINT*IHX(I)

       HHALF=HALF*HSTEP

       IF (I.EQ.1) THEN

        JBEG = 1

       ELSE

        JBEG = IRX(I-1)+1

       ENDIF

       DO 20 J=JBEG,IRX(I)

        RFULL(J+1) = RFULL(J)+HSTEP

        I2=J+J

        RHALF(I2) = RFULL(J)+HHALF

        RHALF(I2+1) = RFULL(J+1)

20     CONTINUE

30    CONTINUE

*

*  PRINT MESH PARAMETERS

*

      WRITE(6,1007) HINT,NIX,NSTEP,RFULL(NSTEP)

      WRITE(6,1008) (IHX(I),I=1,NIX)

      WRITE(6,1009) (IRX(I),I=1,NIX)

*

*  SET POTENTIAL IN ATOMIC UNITS

*

      IF (IPOT.EQ.1) THEN

       CORE(1) = -HUGE

       DO 40 I=2,2*NSTEP-1

        CORE(I) = -ZNUC/RHALF(I) 

40     CONTINUE

      ENDIF

      IF (IPOT.EQ.2) THEN

       DO 41 I=1,2*NSTEP-1

        CORE(I) = D*(EXP(-TWO*ALPHA*(RHALF(I)-R0))

     +               -TWO*EXP(-ALPHA*(RHALF(I)-R0)))

41     CONTINUE

      ENDIF

      IF (IPOT.EQ.3) THEN

       DO 42 I=1,2*NSTEP-1

        IF (RHALF(I).LE.A) THEN

         CORE(I) = V0

        ELSE

         CORE(I) = ZERO

        ENDIF

42     CONTINUE

      ENDIF

*

*  START ITERATION FOR BOUND STATES

*

      DO 170 LBOUND=LMIN,LMAX

       EGUESS = ESTART

       NMIN = NMINL(LBOUND)

       NMAX = NMAXL(LBOUND)

       IBCNT = 0

       DO 140 NBOUND=NMIN,NMAX

        IF (IBUG.GT.0) WRITE(6,1010) NBOUND,LBOUND

        NNODE = NBOUND-LBOUND-1

        NITER = 0

        EHIGH = ZERO

        ELOW  = ESTART

        IF (NBOUND.GT.NMIN) ELOW = EBOUND(NBOUND-1,LBOUND)

*

*  SET STARTING VALUES FOR RUNGE-KUTTA INTEGRATION.

*  FUNCTION: 0.0  DERIVATIVE: 1.0

*

50      VSTART(1) = ZERO

        VSTART(2) = ONE

        NCLASS = 0

        CALL RKDUMB(VSTART,2,NSTEP,NEND,LBOUND,NCLASS)

        IF (IBUG.GT.3) WRITE(6,1003) RFULL(1),Y(1,1)

*

*  COUNT NODES

*

        INODE = 0

        DO 60 I=2,NEND

         IF (IBUG.GT.3.AND.I.LE.100) WRITE(6,1004) RFULL(I),Y(1,I)

         IF (Y(1,I)*Y(1,I-1).LT.ZERO) INODE = INODE+1

60      CONTINUE

*

*  CHECK WHETHER ENERGY IS TOO LOW OR TOO HIGH AND DEFINE

*  A NEW VALUE FOR EGUESS.

*

        IF (INODE.GT.NNODE) THEN

         EHIGH = EGUESS

        ELSE

         ELOW = EGUESS

        ENDIF

        EGUESS = HALF*(EHIGH+ELOW)

        IF (IBUG.GT.1) WRITE(6,1005) INODE,NNODE,NBOUND,LBOUND,       

     +                               ELOW,EHIGH,EGUESS

        IF (ABS(EHIGH-ELOW).GT.ERROR) THEN

         NITER = NITER+1

         IF (NITER.GT.NITMAX) THEN

          WRITE(6,1006) NITER,NITMAX

          STOP

         ENDIF

         GOTO 50

        ELSE

         IBCNT=IBCNT+1

         EBOUND(NBOUND,LBOUND) = EGUESS

*

*  NORMALIZE THE WAVEFUNCTION

*

         DO 70 I=1,NEND

          FVALUE(I) = Y(1,I)*Y(1,I)

70       CONTINUE

         DO 80 I=NEND-1,1,-1

          IF (FVALUE(I).GT.FVALUE(I+1)) GOTO 90

80       CONTINUE

         WRITE(6,1011) NEND

         STOP

90       NINTEG = I

         CALL INTEGR(RFULL,FVALUE,NINTEG,RESULT,ERRINT)

         FACTOR = ONE/DSQRT(RESULT)

         DO 100 I=1,NSTEP

          IF (I.LE.NINTEG) THEN

           WAVES(NBOUND,LBOUND,I) = Y(1,I)*FACTOR

          ELSE

           WAVES(NBOUND,LBOUND,I) = ZERO

          ENDIF

100      CONTINUE

         IF (IBUG.GT.2) THEN

          WRITE (6,1012) NBOUND, LBOUND

          DO 110 I=1,NINTEG+1

           WRITE(6,1004) RFULL(I),WAVES(NBOUND,LBOUND,I)

110       CONTINUE

         ENDIF

*

*  END OF NORMALISATION. SET THE NEXT GUESS IN SOME REASONABLE WAY.

*

         EGUESS = HALF*EGUESS

         IF (NBOUND.LT.NMAX) THEN

          WRITE(6,1001) NBOUND,LBOUND,EBOUND(NBOUND,LBOUND),EGUESS

         ELSE

          WRITE(6,1020) NBOUND,LBOUND,EBOUND(NBOUND,LBOUND)

         ENDIF

        ENDIF

*

        IF (IBCNT.GE.NDIM3) GOTO 140

*

*  CALCULATE THE OVERLAP INTEGRALS

*

        DO 130 NNN=NMIN,NBOUND

         DO 120 I=1,NDIM2

          FVALUE(I) = WAVES(NBOUND,LBOUND,I)*WAVES(NNN,LBOUND,I)

120      CONTINUE

         CALL INTEGR(RFULL,FVALUE,IRX(NIX)+1,RESULT,ERRINT)

         IF (ABS(RESULT).GT.1.0D-05.AND.ABS(RESULT-ONE).GT.1.0D-05) 

     +       WRITE(6,1002) NNN,NBOUND,LBOUND,RESULT,ERRINT

         OVRLAP(NNN,NBOUND,LBOUND) = RESULT

130     CONTINUE

140    CONTINUE

*

*  PRINT THE OVERLAP INTEGRALS FOR THIS VALUE OF L

*

       WRITE(6,1019) LBOUND

       DO 150 NNN=NMIN,NMAX

        WRITE(6,1013) (OVRLAP(N,NNN,LBOUND),N=NMIN,NNN)

150    CONTINUE

*

*  WRITE THE ORBITALS TO A FILE (ONE UNIT PER L) IF ITOUT.NE.0

*

       IF (ITOUT.NE.0) THEN

        IT = ITOUT+LBOUND

        DO 160 I=1,IRX(NIX)+1

         WRITE(IT,1013) RFULL(I),(WAVES(NNN,LBOUND,I),

     +                            NNN=NMIN,NMAX)

160     CONTINUE

       ENDIF

170   CONTINUE  

*

*  PRINT ALL BOUND STATE ENERGIES FOUND

*

      DO 190 L=LMIN,LMAX  

       WRITE(6,1028) L

       DO 180 N=NMINL(L),NMAXL(L)

        WRITE(6,1029) N,EBOUND(N,L),EBOUND(N,L)*27.21D0

180    CONTINUE

190   CONTINUE

*

      STOP

      END

************************************************************************

      SUBROUTINE RKDUMB(VSTART,NVAR,NSTEP,NEND,LBOUND,NCLASS)

************************************************************************

*                                                                      *

*    THIS SUBROUTINE USES THE FOURTH ORDER RUNGE-KUTTA METHOD TO       *

*    PROPAGATE THE SOLUTION OF NVAR COUPLED DIFFERENTIAL EQUATIONS     *

*    KNOWN AT X1 (STORED IN VSTART) TO X2 BY TAKING NSTEP STEPS OF     *

*    EQUAL LENGTH (X2-X1)/NSTEP. THE RESULTS ARE STORED IN THE         *

*    COMMON BLOCK / PATH /.                                            *

*                                                                      *

************************************************************************

*                                                                      

      IMPLICIT DOUBLE PRECISION (A-H,O-Z)

*

      PARAMETER (NDIM1=4,NDIM2=  5000)

      PARAMETER (ZERO=0.0D0,HALF=0.5D0,ONE=1.0D0,TWO=2.0D0,SIX=6.0D0)

*

      COMMON / PATH / RFULL(NDIM2),RHALF(2*NDIM2),Y(NDIM1,NDIM2)

      COMMON / POT  / EGUESS,CORE(2*NDIM2),RDMASS

*

      DIMENSION VSTART(NVAR),V(NDIM1),DV(NDIM1)

*

*  SET THE CLASSICAL TURNING POINT FOR ZERO ANGULAR MOMENTUM.

*  BECAUSE OF THE MORSE PROBLEM, WE NEED TO GO BACKWARDS.

*

       DO 10 I=2*NSTEP-1,1,-1

        IF (EGUESS.GT.CORE(I)) THEN

         RCLASS = RHALF(I)

         NCLASS = I/2+1

         GOTO 20

        ENDIF

10     CONTINUE

*

*  THE CLASSICAL TURNING POINT IS AT THE ORIGIN. SOMETHING MUST 

*  BE WRONG. STOP. 

*

       WRITE(6,1000)

       STOP

20     CONTINUE

*

*  LOAD STARTING VALUES

*

      DO 30 I=1,NVAR

       V(I) = VSTART(I)

       Y(I,1) = V(I)

30    CONTINUE

      DO 50 K=1,NSTEP

       INDEX = K+K-1

       X = RHALF(INDEX)

       CALL DERIVS(INDEX,V,DV,LBOUND)

       H = RHALF(INDEX+2)-RHALF(INDEX)

       CALL RK4(V,DV,NVAR,INDEX,H,V,LBOUND)

       DO 40 I=1,NVAR

        Y(I,K+1) = V(I)

40     CONTINUE

       IF (X.GT.RCLASS.AND.ABS(Y(1,K+1)).GT.ABS(Y(1,K))) THEN

        NEND = K+1

        RETURN

       ENDIF

50    CONTINUE

      WRITE(6,1001)

*

1000  FORMAT('1',//,' PROGRAM STOPS IN SUBROUTINE RKDUMB, SINCE THE',

     +              ' CLASSICAL TURNING POINT COULD NOT BE DEFINED.',//)

1001  FORMAT(//,' WARNING : SOLUTION HAS NOT TURNED AROUND YET !',/)            

      RETURN

      END

************************************************************************

      SUBROUTINE RK4(Y,DYDX,N,INDEX,H,YOUT,LBOUND)

************************************************************************

*                                                                      *

*  THIS SUBROUTINE PROPAGATES THE SOLUTION FOR N VARIABLES Y BY        *

*  BY ONE STEP H USING THE FOURTH-ORDER RUNGE-KUTTA METHOD. DYDX       *

*  ARE THE DERIVATIVES AND Y THE VALUES OF THE FUNCTIONS AT X.         *

*                                                                      *

************************************************************************

*                                                                      

      IMPLICIT DOUBLE PRECISION (A-H,O-Z)

*

      PARAMETER (NDIM1=4,NDIM2=  5000)

      PARAMETER (ZERO=0.0D0,HALF=0.5D0,ONE=1.0D0,TWO=2.0D0,SIX=6.0D0)

*

      DIMENSION Y(N),DYDX(N),YOUT(N),YT(NDIM1),DYT(NDIM1),DYM(NDIM1)

*

      HH = H*HALF

      H6 = H/SIX

*

*  FIRST STEP

*

      DO 10 I=1,N

       YT(I) = Y(I)+HH*DYDX(I)

10    CONTINUE

      CALL DERIVS(INDEX+1,YT,DYT,LBOUND)

*

*  SECOND STEP

*

      DO 20 I=1,N

       YT(I) = Y(I)+HH*DYT(I)

20    CONTINUE

      CALL DERIVS(INDEX+1,YT,DYM,LBOUND)

*

*  THIRD STEP

*

      DO 30 I=1,N

       YT(I) = Y(I)+H*DYM(I)

       DYM(I) = DYT(I)+DYM(I)

30    CONTINUE

      CALL DERIVS(INDEX+2,YT,DYT,LBOUND)

*

*  FOURTH STEP

*

      DO 40 I=1,N

       YOUT(I) = Y(I)+H6*(DYDX(I)+DYT(I)+TWO*DYM(I))

40    CONTINUE

      RETURN

      END

************************************************************************

      SUBROUTINE DERIVS(INDEX,YRK,F,LBOUND)

************************************************************************

*                                                                      *

*  THIS SUBROUTINE CALCULATES THE DERIVATIVES IN THE RUNGE-KUTTA       *

*  AT THE MESHPOINT NUMBER GIVEN BY INDEX.                             *

*                                                                      *

************************************************************************

*

      IMPLICIT DOUBLE PRECISION (A-H,O-Z)

      PARAMETER (NDIM1=4,NDIM2=  5000)

      PARAMETER (ZERO=0.0D0,HALF=0.5D0,ONE=1.0D0,TWO=2.0D0,SIX=6.0D0)

      PARAMETER (HUGE=1.0D30,SMALL=1.0D-20)

*

      COMMON / PATH / RFULL(NDIM2),RHALF(2*NDIM2),Y(NDIM1,NDIM2)

      COMMON / POT  / EGUESS,CORE(2*NDIM2),RDMASS

*

      DIMENSION YRK(NDIM1),F(NDIM1)

*

*  CALCULATE THE DERIVATIVES.

*

      X = RHALF(INDEX)

      F(1) = YRK(2)

      IF (X.NE.ZERO) THEN

       F(2) = (TWO*RDMASS*(CORE(INDEX)-EGUESS)

     +        +(LBOUND*(LBOUND+1)/X**2))*YRK(1)

      ELSE

       F(2) = -HUGE*YRK(1)

      ENDIF

      RETURN

      END

************************************************************************

      SUBROUTINE INTEGR(X,Y,N,RESULT,ERROR)

************************************************************************

*                                                                      *

*  THIS SUBROUTINE INTEGRATES ARBITRARILY SPACED DATA                  *

*                                                                      *

*                      INPUT                                           *

*                      -----                                           *

*                                                                      *

*  X .........     VECTOR CONTAINING THE MESHPOINTS                    *

*                  (EITHER IN ASCENDING OR DESCENDING ORDER)           *

*  Y .........     VECTOR CONTAINING THE FUNCTION VALUES               *

*  N .........     NUMBER OF MESHPOINTS   (AT LEAST 4)                 *

*                                                                      *

*                      OUTPUT                                          *

*                      ------                                          *

*                                                                      *

*  RESULT ....     RESULT OF THE INTEGRATION                           *

*  ERROR .....     ESTIMATED ERROR                                     *

*                                                                      *

************************************************************************

*                                                                 

      IMPLICIT DOUBLE PRECISION (A-H,O-Z)

      PARAMETER (ZERO=0.0D0,ONE=1.0D0,TWO=2.0D0,THREE=3.0D0,                    

     +           FIVE=5.0D0,SIX=6.0D0,TEN=10.0D0,TWELVE=12.0D0,                 

     +           SIXTY=60.0D0,HUNTWE=120.0D0)

      PARAMETER (IREAD=5,IWRITE=6)

      DIMENSION X(N),Y(N)

*

      RESULT = ZERO

      ERROR = ZERO

*

*  CHECK THAT WE HAVE ENOUGH POINTS

*

      IF (N.LT.4) THEN

       WRITE(IWRITE,1000) N

       STOP

      ENDIF

*

*  CHECK THAT THE MESHPOINTS AR IN EITHER ASCENDING OR DESCENDING ORDER

*

      H2 = X(2)-X(1)

      DO 10 I=3,N

       H3 = X(I)-X(I-1)

       IF(H2*H3.LE.ZERO) THEN

        WRITE(IWRITE,1001)

        STOP

       ENDIF

10    CONTINUE

*

*  START THE INTEGRATION

*

      D3 = (Y(2)-Y(1))/H2

      H3 = X(3)-X(2)

      D1 = (Y(3)-Y(2))/H3

      H1 = H2+H3

      D2 = (D1-D3)/H1

      H4 = X(4)-X(3)

      R1 = (Y(4)-Y(3))/H4

      R2 = (R1-D1)/(H4+H3)

      H1 = H1+H4

      R3 = (R2-D2)/H1

      RESULT = H2*(Y(1)+H2*(D3/TWO-H2*(D2/SIX-(H2+TWO*H3)*R3/TWELVE)))

      S = -(H2**3)*(H2*(THREE*H2+FIVE*H4)+TEN*H3*H1)/SIXTY

      R4 = ZERO

      NN = N-1

*

*  LOOP OVER POINTS 2 TO N-1

*

      DO 20 I=3,NN

       RESULT = RESULT+H3*((Y(I)+Y(I-1))/TWO-H3*H3*(D2+R2+(H2-H4)*R3) 

     +         /TWELVE)

       C = H3**3*(TWO*H3*H3+FIVE*(H3*(H4+H2)+TWO*H4*H2))/HUNTWE

       ERROR = ERROR+(C+S)*R4

       IF (I.NE.3) THEN

        S = C

       ELSE

        S = S+TWO*C

       ENDIF

       IF (I.EQ.(N-1)) GOTO 30

       H1 = H2

       H2 = H3

       H3 = H4

       D1 = R1

       D2 = R2

       D3 = R3

       H4 = X(I+2)-X(I+1)

       R1 = (Y(I+2)-Y(I+1))/H4

       R4 = H4+H3

       R2 = (R1-D1)/R4

       R4 = R4+H2

       R3 = (R2-D2)/R4

       R4 = R4+H1

       R4 = (R3-D3)/R4

20    CONTINUE

30    CONTINUE

*

*  FINISH INTEGRATION

*

      RESULT = RESULT+H4*(Y(N)-H4*(R1/TWO+H4*(R2/SIX+(TWO*H3+H4)*R3             

     +        /TWELVE)))

      ERROR = ERROR-H4**3*R4*(H4*(THREE*H4+FIVE*H2)+TEN*H3*(H2+H3+H4)) 

     +        /SIXTY+S*R4

*

1000  FORMAT(//,' ERROR IN SUBROUTINE INTEGR . N = ',I2,3X,                     

     +      'PROGRAM STOPS.',//)                                                

1001  FORMAT(//,' ERROR IN SUBROUTINE INTEGR . MESHPOINTS ARE OUT ',            

     +      'OF ORDER. PROGRAM STOPS.',//)                                      

      RETURN

      END

Appendix II

True BASIC Program Converted by Lutz

!      PROGRAM BOUND

!************************************************************************

!*                                                                      *

!*   THIS PROGRAM DETERMINES BOUND STATES OF A RADIAL POTENTIAL.        *

!*   IT IS THE BOUND-STATE PART OF THE CORE POTENTIAL ITERATION         *

!*   PROGRAM PUBLISHED IN CHAPTER 2 OF                                  *

!*                                                                      *

!*            COMPUTATIONAL ATOMIC PHYSICS                              *

!*            KLAUS BARTSCHAT  (ED.)                                    *

!*            SPRINGER (1996)                                           *

!*                                                                      *

!*            WRITTEN BY:   KLAUS BARTSCHAT                             *

!*                          PHYSICS DEPARTMENT                          *

!*                          DRAKE UNIVERSITY                            *

!*                          DES MOINES, IOWA 50311, U.S.A.              *

!*                                                                      *

!*            LAST UPDATE:  JANUARY 3, 2002                             *

!*                                                                      *

!************************************************************************

!

Program Converted to True Basic by  Robert W. Lutz

!

Physics Department

!

Drake University

!

Des Moines, IA 50311, U.S.A.

!

March, 2002

!************************************************************************

OPTION NOLET

NDIM1=4

NDIM2=int(5000)

NDIM22=int(10000)

NDIM3=100

NNMAX=30

LLMAX=20

ZERO=0.0

HALF=0.5

ONE=1.0

TWO=2.0

SIX=6.0

HUGE=1.0E30

SMALL=1.0E-20

PUBLIC RFULL(1:5000),RHALF(1:10000),y(4,5000)

PUBLIC EGUESS,CORE(10000),RDMASS

DIM IHX(100),IRX(100)

DIM NMINL(0:20),NMAXL(0:20)

DIM VSTART(4),EBOUND(30,0:20),OVRLAP(30,30,0:20)

DIM FVALUE(5000)

DIM WAVES(30,0:20,10000)

!

!************************************************************************

!*

!*  READ BASIC INPUT

!*

print "Enter a NEW filename to receive output that appears on the screen  ";

input filenm$

OPEN #10:name filenm$, create new

PRINT " **********   BOUND STATE CALCULATION   **********"

PRINT " INPUT IPOT:  1 = COULOMB,  2 = MORSE,  3 = WELL"

PRINT #10: " INPUT IPOT:  1 = COULOMB,  2 = MORSE,  3 = WELL"

PRINT #10: " **********   BOUND STATE CALCULATION   **********"

INPUT IPOT

IF IPOT=1 THEN


PRINT "COULOMB PROBLEM"


print #10:"COULOMB PROBLEM"

ELSE

IF IPOT=2 THEN


PRINT "MORSE PROBLEM"


PRINT #10: "MORSE PROBLEM"

ELSE

IF IPOT=3 THEN


PRINT "WELL PROBLEM"


PRINT #10: "WELL PROBLEM"

ELSE


PRINT "IPOT = ";IPOT;" CURRENTLY INVALID.  PROGRAM STOPS."


PRINT #10: "IPOT = ";IPOT;" CURRENTLY INVALID.  PROGRAM STOPS."


STOP

END IF

END IF

END IF

!

PRINT "INPUT MINIMMUM AND MAXIMUM L-VALUES (Angular Momentum Quantum Number)"

INPUT LMIN,LMAX

PRINT "LMIN = ";LMIN;"  LMAX = ";LMAX

PRINT #10:"INPUT MINIMMUM AND MAXIMUM L-VALUES (Angular Momentum Quantum Number)"

PRINT #10:"LMIN = ";LMIN;"  LMAX = ";LMAX!

!

PRINT "INPUT MINIMUM AND MAXIMUM N-VALUES FOR L = LMIN,...,LMAX"

Print "For Columb Problem, these are the principal quantum number."

Print "For Morse and Well Problems, they determine number of nodes in the wave function."

Print "For Morse and Well Problems, keep increasing min and max values by one as L increases."

PRINT #10:"INPUT MINIMUM AND MAXIMUM N-VALUES FOR L = LMIN,...,LMAX"

Print #10:"For Columb Problem, these are the principal quantum number."

Print #10:"For Morse and Well Problems, they determine number of nodes in the wave function."

Print #10:"For Morse and Well Problems, keep increasing min and max values by one as L increases."

FOR L=LMIN to LMAX

INPUT NMINL(L),NMAXL(L)

PRINT "NMIN = ";NMINL(L);"  NMAX = ";NMAXL(L);"   FOR L = ";L

PRINT #10:"NMIN = ";NMINL(L);"  NMAX = ";NMAXL(L);"   FOR L = ";L

NEXT L

!

PRINT "Input Maximum Number of iterations, IBUG, AND ITOUT separated by commas"

Print "IBUG should be zero unless you are having problems.  ITOUT is the starting"

Print "value for filenames to hold wavefunctions for each value of L."

PRINT #10:"Input Maximum Number of iterations, IBUG, AND ITOUT separated by commas"

Print #10:"IBUG should be zero unless you are having problems.  ITOUT is the starting"

Print #10:"value for filenames to hold wavefunctions for each value of L."

INPUT NITMAX,IBUG,ITOUT

PRINT "NITMAX = ";NITMAX;"  IBUG = ";IBUG;"  ITOUT = ";ITOUT

PRINT #10:"NITMAX = ";NITMAX;"  IBUG = ";IBUG;"  ITOUT = ";ITOUT

!

PRINT "INPUT STARTING VALUE AND DESIRED ACCURACY"

print "Energy of starting value is in hartrees.  Try accuracy of 1e-10."

PRINT #10:"INPUT STARTING VALUE AND DESIRED ACCURACY"

print #10:"Energy of starting value is in hartrees.  Try accuracy of 1e-10."

INPUT ESTART,ERROR

PRINT "ESTART = ";ESTART;"  ERROR = ";ERROR

PRINT #10:"ESTART = ";ESTART;"  ERROR = ";ERROR

!

IF IPOT=1 THEN


PRINT "INPUT NUCLEAR CHARGE AND REDUCED MASS"


INPUT ZNUC,RDMASS


PRINT "NUCLEAR CHARGE = ";ZNUC;"  REDUCED MASS = ";RDMASS


PRINT #10:"INPUT NUCLEAR CHARGE AND REDUCED MASS"


PRINT #10:"NUCLEAR CHARGE = ";ZNUC;"  REDUCED MASS = ";RDMASS

END IF

!

IF IPOT=2 THEN


PRINT "INPUT R0,D,ALPHA,REDUCED MASS,MORSE CUTOFF ENERGY (1 OR LESS)"


INPUT R0,D,ALPHA,RDMASS,COREMAX


PRINT "R0 = ";R0;"  D = ";D;"  ALPHA = ";ALPHA;"  REDUCED MASS = ";RDMASS


PRINT #10:"INPUT R0,D,ALPHA, AND REDUCED MASS"


PRINT #10:"R0 = ";R0;"  D = ";D;"  ALPHA = ";ALPHA;"  REDUCED MASS = ";RDMASS

END IF

!

IF IPOT=3 THEN


PRINT "INPUT V0,A, AND REDUCED MASS"


INPUT V0,A,RDMASS


PRINT "V0 = ";VO;"  A = ";A;"  REDUCED MASS = ";RDMASS


PRINT #10:"INPUT V0,A, AND REDUCED MASS"


PRINT #10:"V0 = ";VO;"  A = ";A;"  REDUCED MASS = ";RDMASS

END IF

!

!*

!*  READ PARAMETERS FOR MESH CALCULATION

!*

PRINT "INPUT MESH PARAMETERS"

PRINT "INPUT NIX,HINT"

PRINT #10:"INPUT MESH PARAMETERS"

PRINT #10:"INPUT NIX,HINT"

INPUT NIX,HINT

PRINT #10:NIX;",";HINT

MAT REDIM IHX(NIX)

PRINT "INPUT IHX(I) FOR I = 1 TO NIX"

PRINT #10:"INPUT IHX(I) FOR I = 1 TO NIX"

MAT INPUT IHX

MAT PRINT #10: IHX

MAT REDIM IRX(NIX)

PRINT "INPUT IRX(I) FOR I = 1 TO NIX"

MAT INPUT IRX

MAT PRINT #10: IRX

NSTEP=IRX(NIX)+1

!

!*  CALCULATE ARRAYS FOR MESH

!*

RHALF(1)=ZERO

RFULL(1)=ZERO

FOR I=1 TO NIX


HSTEP=HINT*IHX(I)


HHALF=HALF*HSTEP


IF I=1 THEN



JBEG=1


ELSE



JBEG=IRX(I-1)+1


END IF


FOR J=JBEG TO IRX(I)



RFULL(J+1)=RFULL(J)+HSTEP



I2=J+J



RHALF(I2)=RFULL(J)+HHALF



RHALF(I2+1)=RFULL(J+1)


NEXT J

NEXT I

!

!*

!*  PRINT MESH PARAMETERS

!*

PRINT "MESH:"

PRINT "-------------"

PRINT "HINT = ";HINT;"  NIX = ";NIX;"  NSTEP = ";NSTEP;

PRINT "  LAST POINT = ";RFULL(NSTEP)

MAT PRINT IHX

MAT PRINT IRX

PRINT #10:"MESH:"

PRINT #10:"-------------"

PRINT #10:"HINT = ";HINT;"  NIX = ";NIX;"  NSTEP = ";NSTEP;

PRINT #10:"  LAST POINT = ";RFULL(NSTEP)

MAT PRINT #10:IHX

MAT PRINT #10:IRX

!

!*

!*  SET POTENTIAL IN ATOMIC UNITS

!*

IF IPOT=1 THEN


CORE(1)=-HUGE


FOR I=2 TO 2*NSTEP-1



CORE(I)=-ZNUC/RHALF(I)


NEXT I

END IF

IF IPOT=2 THEN


FOR I=1 TO 2*NSTEP-1



CORE(I)=D*(EXP(-TWO*ALPHA*(RHALF(I)-R0))-TWO*EXP(-ALPHA*(RHALF(I)-R0)))



IF CORE(I)>COREMAX THEN CORE(I)=COREMAX


NEXT I

END IF

IF IPOT=3 THEN


FOR I=1 TO 2*NSTEP-1



IF (RHALF(I) <= A) THEN




CORE(I) = V0



ELSE




CORE(I) = ZERO



END IF


NEXT I

END IF

!

!*

!*  START ITERATION FOR BOUND STATES

!*

FOR LBOUND=LMIN TO LMAX

EGUESS = ESTART

NMIN = NMINL(LBOUND)

NMAX = NMAXL(LBOUND)

IBCNT = 0

FOR NBOUND = NMIN TO NMAX

IF IBUG > 0 THEN


PRINT "STARTING BOUND STATE INTERATION FOR (";NBOUND;",";LBOUND;")"

END IF

NNODE = NBOUND-LBOUND-1

NITER = 0

EHIGH = ZERO

ELOW = ESTART

IF NBOUND > NMIN THEN


ELOW = EBOUND(NBOUND-1,LBOUND)

END IF

!


do while abs(ehigh-elow)>error

vstart(1)=zero

vstart(2)=one

nclass=0

call rkdumb(vstart,2,nstep,nend,lbound,nclass)

if ibug>3 then print "Debug print out of first 100 points "

if ibug>3 then print #10:"Debug print out of first 100 points "

if ibug>3 then print rfull(1),y(1,1)

if ibug>3 then print #10:rfull(1),y(1,1)

!

!*

!*  COUNT NODES

!*

inode=0

for i=2 to nend


if ibug>3 and i<100 then print rfull(i),y(1,i)


if ibug>3 and i<100 then print #10:rfull(i),y(1,i)


if y(1,i)*y(1,i-1)<0 then inode=inode+1

next i

!

!*

!*  CHECK WHETHER ENERGY IS TOO LOW OR TOO HIGH AND DEFINE

!*  A NEW VALUE FOR EGUESS.

!*

if inode>nnode then


ehigh=eguess

else


elow=eguess

end if

eguess=half*(ehigh+elow)

if ibug>1 then print inode,nnode,nbound,lbound

if ibug>1 then print elow,ehigh,eguess

if ibug>1 then print

if ibug>1 then print #10:inode,nnode,nbound,lbound

if ibug>1 then print #10:elow,ehigh,eguess

if ibug>1 then print #10:

if abs(ehigh-elow)>error then


niter=niter+1

else


ibcnt=ibcnt+1


ebound(nbound,lbound)=eguess

end if

loop

if niter>nitmax then


print "Niter = ";niter;" and is greater than Nitmax = ";nitmax


print #10:"Niter = ";niter;" and is greater than Nitmax = ";nitmax


stop

end if

!

!*

!*  NORMALIZE THE WAVEFUNCTION

!*

for i=1 to nend

fvalue(i)=y(1,i)*y(1,i)

next i

finished=1

i=nend-1

do while i>=1 and finished=1

if fvalue(i)>fvalue(i+1) then


ninteg=i


call integr(rfull,fvalue,ninteg,result,errint)


factor=one/sqr(result)

else


i=i-1

end if

if ninteg=i then finished=0

loop

if i=1 then 


print "Problems with definition of ninteg, nend = ";nend;" and i = ";i


print #10:"Problems with definition of ninteg, nend = ";nend;" and i = ";i


stop

end if

for i=1 to nstep

if i<=ninteg then


waves(nbound,lbound,i)=y(1,i)*factor

else


waves(nbound,lbound,i)=zero

end if

next i

if ibug>2 then


print "Normalized wave function for (";nbound;",";lbound;")"


print #10:"Normalized wave function for (";nbound;",";lbound;")"


for i=1 to ninteg+1



print rfull(i),waves(nbound,lbound,i)



print #10:rfull(i),waves(nbound,lbound,i)


next i

end if

!


!*

!*  END OF NORMALISATION. SET THE NEXT GUESS IN SOME REASONABLE WAY.

!*

eguess=half*eguess

if nbound<nmax then


print "New bound state found: (";nbound;",";lbound;") = ";


print ebound(nbound,lbound);" Next Guess = ";eguess


print #10:"New bound state found: (";nbound;",";lbound;") = ";


print #10:ebound(nbound,lbound);" Next Guess = ";eguess

else


print "New bound state found: (";nbound;",";lbound;") = ";


print ebound(nbound,lbound)


print #10:"New bound state found: (";nbound;",";lbound;") = ";


print #10:ebound(nbound,lbound)

end if

!

!*  CALCULATE THE OVERLAP INTEGRALS

!*

for nnn=nmin to nbound


for i=1 to ndim2



fvalue(i)=waves(nbound,lbound,i)*waves(nnn,lbound,i)


next i


call integr(rfull,fvalue,irx(nix)+1,result,errint)


if abs(result)>1.0e-5 and abs(result-one)>1.e-5 then



print "Warning: Overlap Integral between functions with";



print " N1 = ";nnn;" and N2 = ";nbound;" for L = ";lbound;



print result;" +/- ";errint



print #10:"Warning: Overlap Integral between functions with";



print #10:" N1 = ";nnn;" and n2 = ";nbound;" for L = ";lbound;



print #10:result;" +/- ";errint


end if


ovrlap(nnn,nbound,lbound) = result

next nnn

next nbound

!

!*

!*  PRINT THE OVERLAP INTEGRALS FOR THIS VALUE OF L

!*

print "Overlap Integrals for L = ";lbound

print #10:"Overlap Integrals for L = ";lbound

for nnn=nmin to nmax


for n=nmin to nnn



print "Overlap integral for n = ";n;" and n = ";nnn;"  ";ovrlap(n,nnn,lbound)



print #10:"Overlap integral for n = ";n;" and n = ";nnn;"  ";ovrlap(n,nnn,lbound)


next n

next nnn

!

!*  WRITE THE ORBITALS TO A FILE (ONE UNIT PER L) IF ITOUT.NE.0

!*

if itout<>0 then


it=itout+lbound


filename$="File"&str$(it)&".txt"


open #1: name filename$, create newold


set #1: margin 600


for i=1 to irx(nix)+1



print #1: rfull(i);",";



for nnn=nmin to nmax-1



print #1: waves(nnn,lbound,i);",";



next nnn



print #1: waves(nmax,lbound,i)


next i


close #1

end if

next lbound

!*

!*  PRINT ALL BOUND STATE ENERGIES FOUND

!*

for l=lmin to lmax


print "Bound State Energies found for L = ";l


print "N","E(a.u.)","E (eV)"


print #10:"Bound State Energies found for L = ";l


print #10:"N","E(a.u.)","E (eV)"


for n=nminl(l) to nmaxl(l)



print n,ebound(n,l),ebound(n,l)*27.21



print #10:n,ebound(n,l),ebound(n,l)*27.21


next n

next l

!

!*

Stop

END

!

!************************************************************************

SUB rkdumb(vstart(),nvar,nstep,nend,lbound,nclass)

!************************************************************************

!*                                                                      *

!*    THIS SUBROUTINE USES THE FOURTH ORDER RUNGE-KUTTA METHOD TO       *

!*    PROPAGATE THE SOLUTION OF NVAR COUPLED DIFFERENTIAL EQUATIONS     *

!*    KNOWN AT X1 (STORED IN VSTART) TO X2 BY TAKING NSTEP STEPS OF     *

!*    EQUAL LENGTH (X2-X1)/NSTEP. THE RESULTS ARE STORED IN THE         *

!*    COMMON BLOCK / PATH /.                                            *

!*                                                                      *

!************************************************************************

!*                                                                      

ndim1=4

ndim2=5000

zero=0.0

half=0.5

one=1.0

two=2.0

six=6.0

!

!*

DECLARE PUBLIC RFULL(),RHALF(),y(,)

DECLARE PUBLIC EGUESS,CORE(),RDMASS

!

dim v(4),dv(4)

!

!*

!*  SET THE CLASSICAL TURNING POINT FOR ZERO ANGULAR MOMENTUM.

!*  BECAUSE OF THE MORSE PROBLEM, WE NEED TO GO BACKWARDS.

!*

i=2*nstep-1

do while eguess<core(i)


i=i-1


if i=1 then



print "Program stops in Subroutine rkdumb, since the"



print "classical turning point could not be found"



print #10:"Program stops in Subroutine rkdumb, since the"



print #10:"classical turning point could not be found"



stop


end if

loop

rclass=rhalf(i)

nclass=i/2+1

!*

!*  LOAD STARTING VALUES

!*

for i=1 to nvar

v(i)=vstart(i)

y(i,1)=v(i)

next i

!

k=1

do until x>rclass and abs(y(1,k))>abs(y(1,k-1))


index=k+k-1


x=rhalf(index)


call derivs(index,v,dv,lbound)


h=rhalf(index+2)-rhalf(index)


call rk4(v,dv,nvar,index,h,v,lbound)


for i=1 to nvar



y(i,k+1)=v(i)


next i


k=k+1

loop

nend=k

if k=nstep then print "Warning! : solution  has not turned around yet!"

if k=nstep then print #10:"Warning! : solution  has not turned around yet!"

End Sub

!

!************************************************************************

SUB RK4(y(),dydx(),n,index,h,yout(),lbound)

!************************************************************************

!*                                                                      *

!*  THIS SUBROUTINE PROPAGATES THE SOLUTION FOR N VARIABLES Y BY        *

!*  BY ONE STEP H USING THE FOURTH-ORDER RUNGE-KUTTA METHOD. DYDX       *

!*  ARE THE DERIVATIVES AND Y THE VALUES OF THE FUNCTIONS AT X.         *

!*                                                                      *

!************************************************************************

!

ndim1=4

ndim2=5000

zero=0.0

half=0.5

one=1.0

two=2.0

six=6.0

!

dim yt(4),dyt(4),dym(4)

!

hh=h*half

h6=h/six

!

!*

!*  FIRST STEP

!*

for i=1 to n

yt(i)=y(i)+hh*dydx(i)

next i

call derivs(index+1,yt,dyt,lbound)

!

!*

!*  SECOND STEP

!*

for i=1 to n

yt(i)=y(i)+hh*dyt(i)

next i

call derivs(index+1,yt,dym,lbound)

!

!*

!*  THIRD STEP

!*

for i=1 to n

yt(i)=y(i)+h*dym(i)

dym(i)=dyt(i)+dym(i)

next i

call derivs(index+2,yt,dyt,lbound)

!

!*

!*  FOURTH STEP

!*

for i=1 to n

yout(i)=y(i)+h6*(dydx(i)+dyt(i)+two*dym(i))

next i

end sub

!

!************************************************************************

sub derivs(index,yrk(),f(),lbound)

!************************************************************************

!*                                                                      *

!*  THIS SUBROUTINE CALCULATES THE DERIVATIVES IN THE RUNGE-KUTTA       *

!*  AT THE MESHPOINT NUMBER GIVEN BY INDEX.                             *

!*                                                                      *

!************************************************************************

!*

ndim1=4

ndim2=5000

zero=0.0

half=0.5

one=1.0

two=2.0

six=6.0

huge=1.0e30

small=1.0e-20

!

DECLARE PUBLIC RFULL(),RHALF(),y(,)

DECLARE PUBLIC EGUESS,CORE(),RDMASS

!

!*  CALCULATE THE DERIVATIVES.

!*

x=rhalf(index)

f(1)=yrk(2)

if x<>zero then


f(2)=(two*rdmass*(core(index)-eguess)+(lbound*(lbound+1)/x^2))*yrk(1)

else


f(2)=-huge*yrk(1)

end if

end sub

!

!************************************************************************

sub integr(x(),y(),n,result,error)

!************************************************************************

!*                                                                      *

!*  THIS SUBROUTINE INTEGRATES ARBITRARILY SPACED DATA                  *

!*                                                                      *

!*                      INPUT                                           *

!*                      -----                                           *

!*                                                                      *

!*  X .........     VECTOR CONTAINING THE MESHPOINTS                    *

!*                  (EITHER IN ASCENDING OR DESCENDING ORDER)           *

!*  Y .........     VECTOR CONTAINING THE FUNCTION VALUES               *

!*  N .........     NUMBER OF MESHPOINTS   (AT LEAST 4)                 *

!*                                                                      *

!*                      OUTPUT                                          *

!*                      ------                                          *

!*                                                                      *

!*  RESULT ....     RESULT OF THE INTEGRATION                           *

!*  ERROR .....     ESTIMATED ERROR                                     *

!*                                                                      *

!************************************************************************

!*                                                                 

zero=0.0

one=1.0

two=2.0

three=3.0

five=5.0

six=6.0

ten=10.0

twelve=12.0

sixty=60.0

huntwe=120.0

iread=5

iwrite=6

!

result=zero

error=zero

!

!*

!*  CHECK THAT WE HAVE ENOUGH POINTS

!*

if n<4 then


print "Error in Subroutine INTEGR with n = ";n;"  Program Stops"


print #10:"Error in Subroutine INTEGR with n = ";n;"  Program Stops"


stop

end if

!

!*

!*  CHECK THAT THE MESHPOINTS AR IN EITHER ASCENDING OR DESCENDING ORDER

!*

h2=x(2)-x(1)

for i=3 to n

h3=x(i)-x(i-1)

if h2*h3<0 then


print "Error in Subroutine INTEGR.  Meshpoints are out of order.  Program Stops"


print #10:"Error in Subroutine INTEGR.  Meshpoints are out of order.  Program Stops"


stop

end if

next i

!

!*

!*  START THE INTEGRATION

!*

D3 = (Y(2)-Y(1))/H2

H3 = X(3)-X(2)

D1 = (Y(3)-Y(2))/H3

H1 = H2+H3

D2 = (D1-D3)/H1

H4 = X(4)-X(3)

R1 = (Y(4)-Y(3))/H4

R2 = (R1-D1)/(H4+H3)

H1 = H1+H4

R3 = (R2-D2)/H1

RESULT = H2*(Y(1)+H2*(D3/TWO-H2*(D2/SIX-(H2+TWO*H3)*R3/TWELVE)))

S = -(H2^3)*(H2*(THREE*H2+FIVE*H4)+TEN*H3*H1)/SIXTY

R4 = ZERO

NN = N-1

!

!*

!*  LOOP OVER POINTS 2 TO N-1

!*

for i=3 to nn

result=result+h3*((y(i)+y(i-1))/two-h3*h3*(d2+r2+(h2-h4)*r3)/twelve)

c=h3^3*(two*h3*h3+five*(h3*(h4+h2)+two*h4*h2))/huntwe

error=error+(c+s)*r4

if i<>3 then


s=c

else


s=s+two*c

end if

if i<>(n-1) then


H1 = H2


H2 = H3


H3 = H4


D1 = R1


D2 = R2


D3 = R3


H4 = X(I+2)-X(I+1)


R1 = (Y(I+2)-Y(I+1))/H4


R4 = H4+H3


R2 = (R1-D1)/R4


R4 = R4+H2


R3 = (R2-D2)/R4


R4 = R4+H1


R4 = (R3-D3)/R4


end if

next i

!

!*

!*  FINISH INTEGRATION

!*

result=result+h4*(y(n)-h4*(r1/two+h4*(r2/six+(two*h3+h4)*r3/twelve)))

error=error-h4^3*r4*(h4*(three*h4+five*h2)+ten*h3*(h2+h3+h4))/sixty+s*r4

!

end sub

Appendix III

Sample True BASIC Program
to Calculate Expectation Value of Coordinate

!*************************************************************************

!

!
PROGRAM CALCR

!

!
Program CALCR calculates the expectation value for the radial

!
coordinate given a file that contains one or more sets of values

!
of the wave function.

!

!
Robert W. Lutz

!
Department of Physics and Astronomy

!
Drake University

!
February 2002

!

!
CALCR used an integration routine developed by

!
Professor Klaus Bartschat and contained in the

!
BOUND program available in both Fortran from

!
Professor Bartschat and in True Basic converted

!
by Professor Lutz.

!

Option NOLET

!

!
Setup arrays to hold up to three wavefunctions and the final function

!
to be integrated

!

dim rvalue(10000),waves(3,10000),value(10000)

!

!
Get the filename and see how many wavefunctions to read

!

Print "Program CalcR"

Print "Enter the name of the file containing the wavefunction(s).  ";

input filename$

open #1: name filename$ , create newold

Print "How many wavefunctions does the file contain? (Three maximum)  ";

input numwaves

!

!
Read values from the file into the arrays

!

if numwaves=1 then 


counter=1


where$="BEGIN"


do while where$<>"END"


input #1: rvalue(counter),waves(1,counter)


counter=counter+1


ask #1: pointer where$


loop


counter=counter-1


close #1

end if

if numwaves=2 then 


counter=1


where$="BEGIN"


do while where$<>"END"


input #1: rvalue(counter),waves(1,counter),waves(2,counter)


counter=counter+1


ask #1: pointer where$


loop


counter=counter-1


close #1

end if

if numwaves=3 then 


counter=1


where$="BEGIN"


do while where$<>"END"


input #1: rvalue(counter),waves(1,counter),waves(2,counter),waves(3,counter)


counter=counter+1


ask #1: pointer where$


loop


counter=counter-1


close #1

end if

!

!
Now calculate the expectation value for the radial coordinate(s)

!

for i=1 to numwaves


for j=1 to counter



value(j)=rvalue(j)*waves(i,j)*waves(i,j)


next j


call integr(rvalue(),value(),counter,result,error)


print "Results for wave function ";i;", expectation value for r is ";result


print

next i

end

!

!************************************************************************

sub integr(x(),y(),n,result,error)

!************************************************************************

!*                                                                      *

!*  THIS SUBROUTINE INTEGRATES ARBITRARILY SPACED DATA                  *

!*                                                                      *

!*                      INPUT                                           *

!*                      -----                                           *

!*                                                                      *

!*  X .........     VECTOR CONTAINING THE MESHPOINTS                    *

!*                  (EITHER IN ASCENDING OR DESCENDING ORDER)           *

!*  Y .........     VECTOR CONTAINING THE FUNCTION VALUES               *

!*  N .........     NUMBER OF MESHPOINTS   (AT LEAST 4)                 *

!*                                                                      *

!*                      OUTPUT                                          *

!*                      ------                                          *

!*                                                                      *

!*  RESULT ....     RESULT OF THE INTEGRATION                           *

!*  ERROR .....     ESTIMATED ERROR                                     *

!*                                                                      *

!************************************************************************

!*                                                                 

zero=0.0

one=1.0

two=2.0

three=3.0

five=5.0

six=6.0

ten=10.0

twelve=12.0

sixty=60.0

huntwe=120.0

iread=5

iwrite=6

!

result=zero

error=zero

!

!*

!*  CHECK THAT WE HAVE ENOUGH POINTS

!*

if n<4 then


print "Error in Subroutine INTEGR with n = ";n;"  Program Stops"


print #10:"Error in Subroutine INTEGR with n = ";n;"  Program Stops"


stop

end if

!

!*

!*  CHECK THAT THE MESHPOINTS AR IN EITHER ASCENDING OR DESCENDING ORDER

!*

h2=x(2)-x(1)

for i=3 to n

h3=x(i)-x(i-1)

if h2*h3<0 then


print "Error in Subroutine INTEGR.  Meshpoints are out of order.  Program Stops"


print #10:"Error in Subroutine INTEGR.  Meshpoints are out of order.  Program Stops"


stop

end if

next i

!

!*

!*  START THE INTEGRATION

!*

D3 = (Y(2)-Y(1))/H2

H3 = X(3)-X(2)

D1 = (Y(3)-Y(2))/H3

H1 = H2+H3

D2 = (D1-D3)/H1

H4 = X(4)-X(3)

R1 = (Y(4)-Y(3))/H4

R2 = (R1-D1)/(H4+H3)

H1 = H1+H4

R3 = (R2-D2)/H1

RESULT = H2*(Y(1)+H2*(D3/TWO-H2*(D2/SIX-(H2+TWO*H3)*R3/TWELVE)))

S = -(H2^3)*(H2*(THREE*H2+FIVE*H4)+TEN*H3*H1)/SIXTY

R4 = ZERO

NN = N-1

!

!*

!*  LOOP OVER POINTS 2 TO N-1

!*

for i=3 to nn

result=result+h3*((y(i)+y(i-1))/two-h3*h3*(d2+r2+(h2-h4)*r3)/twelve)

c=h3^3*(two*h3*h3+five*(h3*(h4+h2)+two*h4*h2))/huntwe

error=error+(c+s)*r4

if i<>3 then


s=c

else


s=s+two*c

end if

if i<>(n-1) then


H1 = H2


H2 = H3


H3 = H4


D1 = R1


D2 = R2


D3 = R3


H4 = X(I+2)-X(I+1)


R1 = (Y(I+2)-Y(I+1))/H4


R4 = H4+H3


R2 = (R1-D1)/R4


R4 = R4+H2


R3 = (R2-D2)/R4


R4 = R4+H1


R4 = (R3-D3)/R4


end if

next i

!

!*

!*  FINISH INTEGRATION

!*

result=result+h4*(y(n)-h4*(r1/two+h4*(r2/six+(two*h3+h4)*r3/twelve)))

error=error-h4^3*r4*(h4*(three*h4+five*h2)+ten*h3*(h2+h3+h4))/sixty+s*r4

!

end sub


































� “Computational Atomic Physics/Electron and Positron Collisions with Atoms and Ions”, Springer 1996, Chapter Two Sample Program, � CONTACT _Con-475FF42719 �Klaus Bartschat�, Editor.


� Program converted to True Basic and is available on the Physics Department server, February 2002, � CONTACT _Con-475FF4271 �Robert W. Lutz�.
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